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Abstract

Development of accurate mathematical models of discrete granular material behavior requires
a fundamental understanding of deformation and strain localization phenomena. This paper
utilizes a meso-scale finite element modeling approach to obtain an accurate and thorough
capture of deformation and strain localization processes in discrete granular materials such
as sands. We employ critical state theory and implement an elastoplastic constitutive model
for granular materials, a variant of a model called “Nor-Sand,” allowing for non-associative
plastic flow and formulating it in the finite deformation regime. Unlike the previous versions
of critical state plasticity models presented in a series of “Cam-Clay” papers, the present
model contains an additional state parameter 1 that allows for a deviation or detachment of
the yield surface from the critical state line. Depending on the sign of this state parameter,
the model can reproduce plastic compaction as well as plastic dilation in either loose or dense
granular materials. Through numerical examples we demonstrate how a structured spatial

density variation affects the predicted strain localization patterns in dense sand specimens.
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1 Introduction

Development of accurate mathematical models of discrete granular material behavior requires
a fundamental understanding of the localization phenomena, such as the formation of shear
bands in dense sands. For this reason, much experimental work has been conducted to gain
a better understanding of the localization process in these materials [1-11]. The subject also
has spurred considerable interest in the theoretical and computational modeling fields [12-29].
It is important to recognize that the material response observed in the laboratory is a result
of many different micro-mechanical processes, such as mineral particle rolling and sliding in
granular soils, micro-cracking in brittle rocks, and mineral particle rotation and translation
in the cement matrix of soft rocks. Ideally, any localization model for geomaterials must rep-
resent all of these processes. However, current limitations of experimental and mathematical
modeling techniques in capturing the evolution in the micro-scale throughout testing have
inhibited the use of a micro-mechanical description of the localized deformation behavior.

To circumvent the problems associated with the micro-mechanical modeling approach, a
macro-mechanical approach is often used. For soils, this approach pertains to the specimen
being considered as a macro-scale element from which the material response may be inferred.
The underlying assumption is that the specimen is prepared uniformly and deformed homo-
geneously enough to allow extraction of the material response from the specimen response.
However, it is well known that each specimen is unique, and that two identically prepared
samples could exhibit different mechanical responses in the regime of instability even if they
had been subjected to the same initially homogeneous deformation field. This implies that
the size of a specimen is too large to accurately resolve the macro-scale field, and that it can
only capture the strain localization phenomena in a very approximate way.

In this paper, we adopt a more refined approach to investigating strain localization phe-
nomena based on a meso-scale description of the granular material behavior. As a matter of
terminology, the term “meso-scale” is used in this paper to refer to a scale larger than the
grain scale (particle-scale) but smaller than the element, or specimen, scale (macro-scale).

This approach is motivated primarily by the current advances in laboratory testing capabil-
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Figure 1: Cross-section through a biaxial specimen of silica sand analyzed by X-ray computed
tomography; white spot is a piece of gravel.

ities that allow accurate measurements of material imperfection in the specimens, such as
X-ray Computed Tomography (CT) and Digital Image Processing (DIP) in granular soils
[2-4, 7, 29]. For example, Figure 1 shows the result of a CT scan on a biaxial specimen of
pure silica sand having a mean grain diameter of 0.5 mm and prepared via air pluviation.
The gray level variations in the image indicate differences in the meso-scale local density, with
lighter colors indicating regions of higher density (the large white spot in the lower level of
the specimen is a piece of gravel). This advanced technology in laboratory testing, combined
with DIP to quantitatively transfer the CT results as input into a numerical model, enhances
an accurate meso-scale description of granular material behavior and motivates the develop-
ment of robust meso-scale modeling approaches for replicating the shear banding processes in
discrete granular materials.

The modeling approach pursued in this paper utilizes nonlinear continuum mechanics and
the finite element method, in combination with a constitutive model based on critical state
plasticity that captures both hardening and softening responses depending on the state of the
material at yield. The first plasticity model exhibiting such features that comes to mind is the
classical modified Cam-Clay [24, 30-36]. However, this model may not be robust enough to

reproduce the shear banding processes, particularly in sands, since it was originally developed



to reproduce the hardening response of soils on the “wet” side of the critical state line, and
not the dilative response on the “dry” side where this model poorly replicates the softening
behavior necessary to trigger strain localization. To model the strain localization process
more accurately, we use an alternative critical state formulation that contains an additional
constitutive variable, namely, the state parameter ¢ [37-39]. This parameter determines
whether the state point lies below or above the critical state line, as well as enables a complete
“detachment” of the yield surface from this line. By “detachment” we mean that the initial
position of the critical state line and the state of stress alone do not determine the density of the
material. Instead, one needs to specify the spatial variation of void ratio (or specific volume)
in addition to the state parameters required by the classical Cam-Clay models. Through the
state parameter 1) we can now prescribe quantitatively any measured specimen imperfection
in the form of initial spatial density variation.

Specifically, we use classical plasticity theory along with a variant of “Nor-Sand” model
proposed by Jefferies [38] to describe the constitutive law at the meso-scale level. The main
difference between this and the classical Cam-Clay model lies in the description of the evolu-
tion of the plastic modulus. In classical Cam-Clay model the character of the plastic modulus
depends on the sign of the plastic volumetric strain increment (determined from the flow rule),
i.e., it is positive under compaction (hardening), negative under dilation (softening), and is
zero at critical state (perfect plasticity). In sandy soils this may not be an accurate representa-
tion of hardening/softening responses since a dense sand could exhibit an initially contractive
behavior, followed by a dilative behavior, when sheared. This important feature, called phase
transformation in the literature [40, 41], cannot be reproduced by classical Cam-Clay models.
In the present formulation the growth or collapse of the yield surface is determined by the
deviatoric component of the plastic strain increment and by the position of the stress point
relative to a so-called limit hardening dilatancy. Such description reproduces more accurately

’ side of the critical state line.

the softening response on the “dry’
The theoretical and computational aspects of this paper include the mathematical analyses

of the thermodynamics of constitutive models characterized by elastoplastic coupling [42, 43].



We also describe the numerical implementation of the finite deformation version of the model,
the impact of B-bar integration near the critical state, and the localization of deformation on
the “dry” side of the critical state line. We present two numerical examples demonstrating
the localization of deformation in plane strain and full 3D loading conditions, highlighting
in both cases the important role that the spatial density variation plays on the mechanical
responses of dense granular materials.

Notations and symbols used in this paper are as follows: bold-faced letters denote tensors
and vectors; the symbol ‘- denotes an inner product of two vectors (e.g. a-b = a;b;), or a
single contraction of adjacent indices of two tensors (e.g. ¢-d = ¢;;d;i); the symbol ‘:” denotes
an inner product of two second-order tensors (e.g. ¢ : d = ¢;;d;j), or a double contraction of
adjacent indices of tensors of rank two and higher (e.g. C : € = Cjjiey,;); the symbol ‘®’

denotes a juxtaposition, e.g., (a®b);; = a;b;. Finally, for any symmetric second order tensors

a and B,(a ® B)ijk = il (a® B)ijr = ajfik, and (o © B)jr = B

2 Formulation of the infinitesimal model

We begin by presenting the general features of the meso-scale constitutive model in the in-
finitesimal regime. Extension of the features to the finite deformation regime is then presented

in the next section.

2.1 Hyperelastic response

We consider a stored energy density function ¥¢(e®) in a granular assembly taken as a con-
tinuum; the macroscopic stress o is given by
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e
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(2.1)

where

U= F(e) + e (2.2)



and

_ N o
W(eS) = —pofexpw, w=-——=" }f=p5+ folp(es). (2.3)

The independent variables are the infinitesimal macroscopic volumetric and deviatoric strain

invariants

2 1
€ — tr(e?), = \/;HeeH L=l (2.4)

where €° is the elastic component of the infinitesimal macroscopic strain tensor. The material
parameters required for definition are the reference strain €, and reference pressure pg of the
elastic compression curve, as well as the elastic compressibility index k. The above model
produces pressure-dependent elastic bulk and shear moduli, in accord with a well-known soil
behavioral feature. Equation (2.3) results in a constant elastic shear modulusu® = poy when
ag = 0. This model is conservative in the sense that no energy is generated or lost in a closed

elastic loading loop [44].

2.2 Yield surface, plastic potential function, and flow rule

We consider the first two stress invariants

1 3
p=gtro, q:\/;Hsﬂy s=o0—pl, (2.5)

where p < 0 in general. We define a yield function F' of the form
F=q+np, (2.6)

where

y— M1+ 1n(pi/p)] if N=0; @)

M/N[1-(1-nN) (p/pi)N/@*N)] if N> 0.



Here, p; < 0 is called the “image stress” representing the size of the yield surface, defined

such that the stress ratio n = —¢/p = M when p = p;. A closed-form expression for p; is

- (2.8)

pi exp(n/M — 1) it N=0;
p (1—-N)/(1—nN/M)] if N>0.

The parameter N > 0 determines the curvature of the yield surface on the hydrostatic axis and
typically has a value less than 0.4 for sands [38]; as IV increases, the curvature increases. Figure
2 shows yield surfaces for different values of N. For comparison, a plot of the conventional
elliptical yield surface used in modified Cam-Clay plasticity theory is also shown [30].

Next we consider a plastic potential function of the form

Q=q+7p, (2.9)

where
M1+ In(p;/p)] if N =0;

o (2.10)
(M/N) [1= (1= M)p/m)V/ON] it N>o.

7=
The plastic flow is associative if N = N and p, = p;, and non-associative otherwise. For the
latter case, we assume that N < N resulting in a plastic potential function that is ‘flatter’
than the yield surface (if N < N), as shown in Figure 3. This effectively yields a smaller
dilatancy angle than is predicted by the assumption of associative normality, similar in idea to
the thermodynamic restriction that the dilatancy angle must be at most equal to the friction
angle in Mohr-Coulomb or Drucker-Prager materials, see [45, 46] for further elaboration.

The variable p; is a free parameter that determines the final size of the plastic potential
function. If we set () = 0 whenever the stress point (p, ¢) lies on the yield surface, then p; can
be determined as

P exp(n/M — 1) if N=0;

Pi _ L (2.11)
p (A=) —7N/) N i Nso.
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Figure 2: Comparison of shapes of critical state yield surfaces.
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Figure 3: Yield function and family of plastic potential surfaces.

The flow rule then writes

. 6@
> _ 3 9% 2.12
€ 4 4= (2.12)
where A >0 is a nonegative plastic multiplier, and
dg _Op on 1/M-—7q 3 s —
= — — —_— = —— — |1 - N > 0. 2.13
1= 96 " 196 "¢ ~ 3\1_N 25|’ = (2.13)

In this case, the variable p; does not have to enter into the formulation since 7 can be deter-

mined directly from the relation 7 = 7.



The first two invariants of € are

. (M — 2 . 1
égztrép:—)\< 77), ég:\/;yepnzx, & =& — el (2.14)

1-N

where N > 0. Note that ¢ > 0 (dilation) whenever n > M, and ¢} < 0 (compaction)
whenever n < M. Plastic flow is purely isochoric when é7 = 0, which occurs when n = M.

Furthermore, note that

_OF _9¢ b, On 1<M_77)1+ 38 N>0 (2.15)

7= 56 =80 o0 "Pae = 3 \1-N 2Tl

Since tr f = 0 whenever n = M, then plastic flow is always associative at this stress state
regardless of the values of N and N. Non-associative plastic flow is possible only in the
volumetric sense for this two-invariant model.

For perfect plasticity the reduced dissipation inequality requires the stresses to perform

nonnegative plastic incremental work [47], i.e.,
DP=0g:P=\o:q>0. (2.16)

Using the stress tensor decomposition o = s+ pl and substituting relation (2.13) into (2.16),
we obtain

M —
1-N —

3|

0 (2.17)

. M — ﬁ
DP=—-A|n+ >0 == +
<77 -~ > D n
since p < 0. Now, if the stress point is on the yield surface then (2.7) determines the stress
ratio n, and (2.17) thus becomes

_MN [1 —(1-N) (p>N/(1N)

M > 0. 2.1
5 . +M>0 (2.18)

However, M > 0 since this is a physical parameter, and so we get

T —1
N<N [1 —(1-N) <p>N/(1 N)] . (2.19)

bi



The expression inside the pair of brackets is equal to unity at the stress space origin when
p = 0, reduces to N at the image stress point when n = M and p = p;, and is zero on the
hydrostatic axis when = 0 and p = p;/(1—N)1=N/N_ The corresponding inverses are equal
to unity, 1/N > 1, and positive infinity, respectively. Hence, for (2.19) to remain true at all
times, we must have

N <N, (2.20)

as postulated earlier.

2.3 State parameter and plastic dilatancy

In classical Cam-Clay models the image stress p; coincides with a point on the critical state
line (CSL), a locus of points characterized by isochoric plastic flow in the space defined by
the stress invariants p and ¢ and by the specific volume v. The CSL is given by the pair of
equations

qc = —Mpc, Ve = V0 — Xln(_pc)y (2-21)

where subscript “c” denotes that the point (vc, pc, ¢c) is on the CSL. The parameters are the
compressibility index X and the reference specific volume veg. Thus, any given point on the
yield surface has an associated specific volume, and isochoric plastic flow can only take place
on the CSL.

To apply the model to sands, which exhibit different types of volumetric yielding depending
on initial density, the yield surface is detached from the critical state line along the v-axis.
Thus, the state point (v, p, ¢) may now lie either above or below the critical specific volume v,
at the same stress p depending on whether the sand is looser or denser than critical. Following
the notations of [38], a state parameter v is introduced to denote the relative distance along

the v-axis of the current state point to a point v, on the CSL at the same p,

Y =v— . (2.22)

Further, a state parameter ¢ is introduced denoting the distance of the same current state

10
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Figure 4: Geometric representation of state parameter 1.

point to v ; on the CSL at p = pj,
P =V — Ve, Vei = Vo — An(—py), (2.23)

where v, ; is the value of v, at the stress p;, and v is the reference value of v, when p; = 1,

see (2.21). The relation between ¢ and 1) is (see Figure 4)

Yi =1+ Aln @) . (2.24)

Hence, 1 is negative below the CSL and positive above it. An upshot of disconnecting the
yield surface from the CSL is that it is no longer possible to locate a state point on the
yield surface by prescribing p and ¢ alone; one also needs to specify the state parameter
1 to completely describe the state of a point. Furthermore, isochoric plastic flow does not
anymore occur only on the CSL but could also take place at the image stress point. Finally,
the parameter v; dictates the amount of plastic dilatancy in the case of dense sands.

Formally, plastic dilatancy is defined by the expression

=

D:i=/& = Z_

(2.25)

=
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This definition is valid for all possible values of 1, even for = 0 where @ is not a smooth
function. However, experimental evidence on a variety of sands suggests that there exists a
maximum possible plastic dilatancy, D*, which limits a plastic hardening response. The value
of D* depends on the state parameter 1);, increasing in value as the state point lies farther and
farther away from the CSL on the dense side. An empirical correlation has been established
experimentally in [38] between the plastic dilatancy D* and the state parameter 1);, and takes
the form

D* = anfy, (2.26)

where a &~ —3.5 typically for most sands. The corresponding value of stress ratio at this limit

hardening dilatancy is

n*=M+D*(1-N)=M +a)i(1-N)=M +a;(1 — N), (2.27)

and the corresponding size of the yield surface is

P exp(an); /M) if N=N=0; (2.28)
p (1 —ay;N/M)N-D/N if 0<N<NG#O0,
where
1-N
afb = a, = 2.29
af=a, P (229)

In the above expression we have introduced a non-associativity parameter g < 1, where § =1

in the associative case.

2.4 Consistency condition and hardening law

For elastoplastic response the standard consistency condition on the yield function F' reads

F=f:6—-H\=0, A>0, (2.30)

12



where H is the plastic modulus given by the equation

10F . 1 p)l/(l_N) .
Aapip A (pi p ( )

Since p/p; > 0, the sign of the plastic modulus depends on the sign of pi: H > 0if p; < 0
(hardening), H < 0 if p; > 0 (softening), and H = 0 if p; = 0 (perfect plasticity).

In classical Cam-Clay theory the sign of H depends on the sign of €}, i.e., H is positive
for compaction and negative for expansion. However, as noted above, this simple criterion
does not adequately capture the hardening/softening responses of sands, which are shown to
be dependent on the limit hardening plastic dilatancy D*, i.e., H is positive if D < D* and

negative if D > D*. Thus, any postulated hardening law must satisfy the obvious relationship

sgn H = sgn(—p;) = sgn(D* — D) = sgn(n* —n) = sgn(p; — p;), (2.32)

where ‘sgn’ is the sign operator. Furthermore, in terms of the cumulative plastic shear strain

e = / e dt, (2.33)
t

we require that

lim H= lim (—p;) = lim (D*— D)= lim (n* —n)= lim (pi —p{) =0. (2.34)
P —o0 e? —oo e? —o0 P —o0 P —o0

Thus, any postulated hardening law must reflect a condition of perfect plasticity as the plastic
shear strain becomes very large. Note that the above restriction is stronger, e.g., than the
weaker condition D* — D = 0, without the limit, which could occur even if the stress and
image points do not coincide. The limiting condition € — oo insures that the stress and

image points approach the CSL, and that these two points coincide in the limit.

A general evolution for —p; satisfying the requirements stated above may be given by an

13



equation of the form

—pi = f(pi —p)Ed = f(pi — pi)A, (2.35)

where f is a simple odd scalar function of its argument, i.e., f(—z) = —f(z) and sgn f = sgn z.
(Alternately, one can use either D or 7 in the argument for f). In this case, the expression

for the plastic modulus becomes

Ny
H=M (p) o — ). (2.36)

Taking f(xz) = ha, where h is a positive dimensionless constant, we arrive at a phenomeno-

logical expression of the form similar to that presented in [3§],

f(pi = pi) = h(pi — py). (2.37)
This results in a plastic modulus given by the equation

1/(1-N)
H = Mh (5) (pi — p?). (2.38)

To summarize, the transition point between hardening and softening responses is represented

by the limit hardening dilatancy D*, which approaches zero on the CSL.

2.5 Implications to entropy production

Consider the Helmholtz free energy function ¥ = ¥(e°, €}). For now, we avoid making the

usual additive decomposition of the free energy into ¥ = W°(e®) + WP(el); in fact, we shall
demonstrate that such decomposition is not possible in the present model. Ignoring the

non-mechanical powers, the local Clausius-Duhem inequality yields

dw
e—— > 0. 2.
o€ dt_o (2.39)

14



Applying the chain rule for d¥/dt and invoking the standard Coleman relations results in the
constitutive relation
oW (e, eb)

o= (2.40)

plus the reduced dissipation inequality

O (€, €f)

2.41
o€ ( )

o p >0,  p=

Here, we have chosen p; to be the stress-like plastic internal variable conjugate to €5. With an
appropriate set of material parameters we have ensured before that o : €» > 0 (see Sec. 2.2).
Since ¢ = A > 0 and pi < 0, the reduced dissipation inequality as written above holds

provided that

oW (e, el)
—n— < 0. .
s <0 (2.42)

Now, consider the evolution for p; as postulated in (2.35). Integrating in time yields

oW (e, el
(aep) = pi = pio —/ flp ) deb, (2.43)

where pjg is the reference value of p; when € = €. Recalling that f is a simple odd function,
the right-hand side of the above equation is negative provided that sgn(pi — pf) = sgn H =
positive. This implies that the reduced dissipation inequality is identically satisfied in the
hardening regime.

Integrating once more gives a more definitive form of the Helmholtz free energy,

V(e €l) = /p pio deb — / / f(pi — pi) debdel + 7°(e°) + W, (2.44)

s0

where ¥¢(e°) is the usual elastic stored energy function. The first two integrals represent the

plastic component of the free energy,

UP = PP (e el) = / pio deb — / / f(p ) debdeb. (2.45)
P

s0

15



Note in this case that ¥P depends not only on €} but also on €® through the variable pf. The

Cauchy stress tensor then becomes

o= a‘p / / (v pl dePdeP? (2.46)

o(a?)

where Ael = & — espo, and

api /M 0y  pf Op
1 —ayiN/M de¢  p Oe®’

op;
Oe®

=(1-N) N > 0. (2.47)

Strictly, then, the Cauchy stress tensor depends not only on €® but also on €5. Attempts
have been made in the past to capture this dependence of o on €}; for example, a nonlinear
elasticity model in which the elastic shear modulus varies with a stress-like plastic internal
variable similar to p; has been proposed in [43, 48]. However, these developments have not
gained much acceptance in the literature due, primarily, to the lack of experimental data and
to the difficulty with obtaining such test data.

It must be noted that the observed dependence of ¥P on the elastic strain €° occurs only
prior to reaching the critical state where A} remains “relatively small,” and thus, the second-
order term in (2.46) may be ignored (such as done in Sec. 2.1). Most of the intense shearing
(ie., large A€) in fact occurs at the critical state where f(p; — p{') = 0, at which condition

the additive decomposition of the free energy into ¥°(e®) and ¥P(e¥) holds, see (2.44).

2.6 Numerical implementation

Even though the plastic internal variable p; depends on the state parameter v;, and that this
variable is deeply embedded in the plastic modulus H, the model is still amenable to fully
implicit numerical integration. Table 1 summarizes the relevant rate equations used in the
constitutive theory. Table 2 summarizes the algorithmic counterpart utilizing the classical
return mapping scheme. For improved efficiency, the return mapping algorithm in Table 2

is performed in the strain invariant space, as demonstrated below, leading to a system of

16



Table 1: Summary of rate equations for plasticity model for sands, infinitesimal deformation
version.

1. Strain rates: € = €°+ &P

2. Hyperelastic rate equations: & =c®: &% c® = 0*W°/0eDe®
3. Flow rule: € = \q

4. State parameter: v = v + Xpi/pi from (2.23)

5. Hardening law: —p; = f(p;i — pf))\ from (2.35)

6. Consistency condition: f:0 — HA=0

7. Kuhn-Tucker conditions: \ >0, F <0, A =0

nonlinear equations with three unknowns. As usual, it is assumed that Ae is given, which
implies that both the elastic trial strain €®* and the total strain € are known. Note that vy
is the initial value of the specific volume at the beginning of the calculations when € = 0,
and should not be confused with v.y. As usual, the main goal is to find the final stresses o
and the discrete plastic multiplier AX for a given strain increment Ae. Following [34, 45],

consider the following local residual equations generated by the applied strain increment Ae

€ — 2™ + ANBOF €y
r=r(@)=q €—ET+ANF i m=( € (2.48)
F AN

where ( is the non-associativity parameter defined in (2.29). The goal is to dissipate the
residual vector r by finding the solution vector * using a local Newton iteration.
In developing the local Jacobian matrix 7/(x) used for Newton iteration, it is convenient

to define the following mapping induced by the numerical algorithm

p p(€g, €)
Yy = q = q(es, ES) — Yy = y(ac) (249)
Di pi(esa 627 A)‘)
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Table 2: Return mapping algorithm for plasticity model for sands, infinitesimal deformation
version.

1. Elastic strain predictor: €°" = €° + Ae
2. Elastic stress predictor: o' = 0w®/9e°™; pi* = p;,,

3. Check if yielding: F' (atr,pitr) > 07
No, set € = €°™; o =0"; p; =p* and exit

4. Yes, initialize A\ = 0 and iterate for A\ (steps 5-7)
5. Plastic corrector: €® = €*™ — A)\q, o = O¥°/0e®
6. Update plastic internal variable p;:

(a) Cumulative strain: € = €, + Ae

(b) Specific volume: v = vp(1 + tre)

(c) Initialize p; = pi, and iterate for p; (steps 6d-f)
(d) State parameter: 1 = v — veo + Aln(—p;)
(e) Limit hardening plastic variable:

. exp (a); /M) if N=N=0,
b 0<N

(1= @ N/M)N DN

-

(f) Plastic internal variable: p; = pi,, — f(pi — p)AX

7. Discrete consistency condition: F'(p,q,pi) =0

18



The tangent y'(x) = D defines the slope, given by

D11 Di2 Dy Occp  Oecp 0
D=\ Dy Dy Doz | = | Ocq 9deq O : (2.50)
D31 D3z Dss Ocepi Oeepi Oarpi

The hyperelastic equations take the following form independent of the discrete plastic multi-

plier A\ (and hence, D13 = Daog = 0)

3o
P =poexp w [1 + —2%0 ESQ] , a=3(po — copo expw)eg. (2.51)
Thus,
_ Po 3ag e2
D) = ——=expw|l+ —=¢€7°],
K 2K
Dys = 3puo — 3appo exp w,
3 e
Dy = Doy = 220%0% oxp w. (2.52)
K

We recall that Doy = D19 from the postulated existence of an elastic stored energy function
ve,

The plastic internal variable p; is deeply embedded in the evolution equations and is best
calculated iteratively, as shown in Table 2. First, from Step No. 6(f), we construct a scalar

residual equation

r(pi) = pi — pig + (i — D))AN, (2.53)
where p! is calculated in succession from Step No. 6(e,d) of Table 2 using the current estimate
for p;. Using a sub-local Newton iteration, we determine the root that dissipates this residual
iteratively. The sub-local scalar tangent operator takes the simple form

1— Xa(1-N) <p>] , N>0. (2.54)

(o) — T ok

Having determined the converged value of p;, we can then calculate the corresponding values

19



of 1; and p; and proceed with the following differentiation.

From Table 2, Step No. 6(f), we obtain the variation

Opi / Oopi  Op}
= —f'(pi — pI)AX - —L. 2.
Dec f'(pi = p}) ( 9 dee (2.55)
From Step No. 6(e), we get
opf _ 4 1-N o pf
L — — LD N > 0. 2.56
Des <ale—a¢iN> dec  p b = (2.56)
From Step No. 6(d), we obtain N
i A Opi
= ——. 2.57
0eS  pj 0€d (2:57)
Combining these last three equations gives
Opi _ _ x g
D3 = ape =c ' f'(pi — pF)AN (p> Day;
& p
Xa(1—N) (p
= 1+ f(p—pHAN|1 - F—— (2] ]. 2.

Note that ¢ is the converged value of r/(p;) when r = 0, cf. (2.54). Following a similar

procedure, we obtain

- Cilfl(pi —p?)A)\ <Z;> D1o. (259)

Again, using the same implicit differentiation, we get

. api o -1 . *
D33_8A)\_ ¢ f(pi —pi). (2.60)

For the hardening law adopted in [38], f/(p; — pI) reduces to the constant h.

It is also convenient to define the following vector operator

H = [ H, H, Hs ] = [ agp azq agpi ]F (2.61)
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For the yield function at hand, the elements of H are as follows. First, we obtain the first

derivatives

oF M In(pi/p) if N =0,
op (M/N)L— (p/p)VO-N] i N >0,
oF OF P ) 1/(1-N)

Then, for N > 0, we have

1 M/p N/(1=N) 1 M [p 1/(1-N)
! 1—Np<pi> ’ 2 =0, T1-Np \p (2.63)

Finally, from the product formula induced by the chain rule, we define the vector operator G,

G—HD—[G1 Go G3]. (2.64)

The algorithmic local tangent operator for Newton iteration is then given by

r(x) = (2.65)
1+ AN3Gy ANBG: B(OpF + AXG3)
0 1 0y F
(D110p + D210y + D310, )F (D120, + D220y + D320, ) F D330, F

Remark 1. The numerical algorithm described above entails two levels of nested Newton
iterations to determine the local unknowns. An alternative approach would be to consider p;
as a fourth local unknown, along with €, € and A\, and solve them all iteratively in one
single Newton loop. We have found that either approach works well for the problem at hand,

and that either one demonstrates about the same computational efficiency.
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2.7 Algorithmic tangent operator

The algorithmic tangent operator ¢ = do/0e*™ = 0o /e is used for the global Newton
iteration of the finite element problem. It has been shown in [49, 50] that it can also be
used in lieu of the theoretically correct elastoplastic constitutive operator c® for detecting
the onset of material instability, provided the step size is ‘small.” To derive the algorithmic

tangent operator, consider the following expression for the Cauchy stress tensor

2
o=npl+ \/;qn, (2.66)

where i = s/||s|| = e®/||e®|| = €°*/|e°™|| from the co-axiality of the principal directions.

The chain rule then yields (see [34])

oo Oe® Oes 2 0e€® Oes
=22~ 19 (DS 4 DS ZA® Dy oY 4+ DS
= De ®< 1186+ 128€>+\/;n®( 2186+ 2286)
2q 1 ~ o~
I--191- : 2.67
+ 3€gtr< 51 n®n) (2.67)

where I is the fourth-rank identity tensor with components I;jn = (61051 + 0i105%)/2. Our
goal is to obtain closed-form expressions for the derivatives JeS /0€ and OeS /€.

Using the same strain invariant formulation of the previous section, we now write the same

etr

et e x), where x is the vector of local unknowns. We recall

local residual vector as r = r(e
that the trial elastic strains were held fixed at the local level; however, at the global level they
themselves are now the iterates. Consequently, at the converged state where r = 0, we now

write the strain derivatives of the residual vector as

or Or or ox
Oe N Oe g; - (8513 eetr,eetr) . Oe - O’ (268)
which gives
ox or ox or
® e T e, P~ el (2.69)

We recognize a as the same 3 x 3 tangent matrix v'(x) in (2.65) evaluated at the locally
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converged state, and b=a ' 1

863/86 b11 b12 613 (1 - A)\ﬂ@Hg)l
862/86 = b21 b22 523 = \/2/3?/’\1,
8A)\/6e b31 bgg b33 —QapiFl

in which Op;/0e = 61, and

0 =

is the linearization of the term associated with the state parameter ;.

n component form, we have

1 , o a(l—=N)
A J i i i )
c )\ (p pl )vopl 7‘[ —,l/}lN

solution of the desired strain derivatives,

where

gll

521

Defining the matrix product

E11
521

the consistent tangent operator

Oe;,  ~ 2 0§~ 2.
e b111 + \/;bu’n, e bo1l + \/;bgz’n

= (1= ANBOH3)byy — (00, F)bys,

= (1 — AXBOH3)byy — (00, F)bas.

Do D11 Dqo b1y bio

Do Doy Das by boy

then becomes

(2.70)

(2.71)

This facilitates the

(2.72)

(2.73)

(2.74)

(2.75)

In the elastic regime the submatrix [b;;] becomes an identity matrix, and hence D;; = D;;

23



for 4,5 = 1,2. In this case, ¢ reduces to the hyperelastic tangent operator c®.

Remark 2. As shown in Figure 3, the proposed yield and plastic potential functions create
corners on the compaction side of the hydrostatic axis. While the model is primarily developed
to accurately capture dilative plastic flow, and therefore is not expected to perform well in
stress states dominated by hydrostatic compaction, numerical problems could still arise in
general boundary-value problem simulations when the stress ratio n as defined by (2.7) goes
to zero or even becomes negative. In order to avoid a negative 1, we introduce a ‘cap’ on the

plastic potential function such that

g+mp if m=n=>xM,
Q= (2.76)
—p it 7=n<xM,
where y is a user-specified parameter controlling the position of the plastic potential function

cap, e.g., x = 0.10. For the case where 77 < xM, the local residual vector simplifies to

€ — et — AN
r(z) = €€ — ot : (2.77)
F
The local tangent operator is given by
1 0 -1
r'(z) = 0 1 0o |- (2.78)

(Dnap + Dglaq)F (Dlgap + D228q)F 0

Finally, the strain derivative of r holding x fixed reduces to

1

3

eT: =< V23R - (2.79)
0

Of course, one can also insert a smooth cap near the nose of the plastic potential function as
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an alternative to the planar cap.

3 Finite deformation plasticity; localization of deformation

In the preceding section we have reformulated an infinitesimal rigid-plastic constitutive model
for sands to accommodate non-associated plasticity and hyperelasticity. In this section we
further generalize the model to accommodate finite deformation plasticity. The final model is
then used to capture deformation and failure initiation in dense sands, focusing on the effects

of uneven void distribution on the local and global responses.

3.1 Entropy inequality

Consider the multiplicative decomposition of deformation gradient for a local material point
X [51-53]
F(X,t)=F°(X,t)- FP(X,t). (3.1)

In the following we shall use as a measure of elastic deformation the contravariant tensor field
b® reckoned with respect to the current placement, called the left Cauchy-Green deformation

tensor,

b° = F°. F°". (3.2)

Assume then that the free energy is given by
U ="(X,b%eP). (3.3)

As in the infinitesimal model, we investigate conditions under which we could isolate an elastic
stored energy function from the above free energy function.
For the purely mechanical theory the local dissipation function takes the form

d¥ (X, b°eb)

D=71:d—-
T dt

> 0, (3.4)

where 7 = Jo is the symmetric Kirchhoff stress tensor, J = det(F'), d = sym(l) is the rate of
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deformation tensor, and [ is the spatial velocity gradient. Using the chain rule and invoking

the standard Coleman relations yields the constitutive equation [54]

OV (X,b° el)

ob° b5

T=2
along with the reduced dissipation inequality

D=71:d° —mel >0,

where dP is the plastic component of the rate of deformation,

dP =sym(lP), IP:=F°.-LP.F°'  LP.=F".FP 1

and
OU(X,b° el)

™ =
OeP ’

is a stress-like plastic internal variable equivalent to p; of the infinitesimal theory.

We assume that m; evolves in the same way as p, i.e.,

— = o(m — m)EL,

where 7} depends not only on 7; but also on b°. Integrating (3.9) gives

et
7Ti:77i0—/ ¢(7Tj—7Ti*)d€§.
€50

Integrating once more, we get

5 b pel
DX, b°,P) = / o deP — / / (i — 77) dePdeP + VR (X, b%) + Wy,
€ 550 550

p
s0

(3.7)

(3.9)

(3.10)

(3.11)

where ¥¢(X, b°) is the elastic stored energy function. Finally, using the constitutive equation
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(3.5) once again, we get

ov° (X, b°%)
= 1 P P . h®
T=2 o / / & (m 8be dE def| - b°. (3.12)

O(Ael?)

The second-order terms in (3.12) can be ignored at the initial stage of loading when Acf is
small, thus leaving the Kirchhoff stress varying with the elastic stored energy function alone.
When Ae? is large, ¢(m — m}°) vanishes at critical state, and so the elastic and plastic parts of
the free energy uncouple. In both cases the stresses can be expressed in terms of the elastic
stored energy function alone, i.e.,

OT° (X, b°)
9b°

T=2

b (3.13)

Once again, the perfectly plastic behavior at critical state is a key feature of the model that

allows for the uncoupling of the free energy.

3.2 Finite deformation plasticity model

Consider the stress invariants
1 3
p=tur gl e=rom (314)
Then, as in the infinitesimal theory the yield function can be defined as
F=q+np<0, (3.15)

where

M1+ In(m/p)] it N=0;
N = (3.16)
(M/N)[1— (1= N)(p/m)NA=M] if N >0.
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The material parameters M and N are similar in meaning to those of the infinitesimal theory,
although their values should now be calibrated in the finite deformation regime. The flow

rule may be written as before,
: BOF \/§ OF _ .
dp =\ =——1 - = 3.17
A A Er &/1€ll, (3.17)

where § < 1 is the non-associativity parameter. We postulate a similar hardening law in

Kirchhoff stress space given by (3.9), with
sgn [ (m — )] = sgn H, (3.18)

to capture either a hardening or softening response depending on the position of the state
point relative to the limit hardening dilatancy. Table 3 then summarizes the rate equations

for the finite deformation plasticity model.

Table 3: Summary of rate equations for plasticity model for sands, finite deformation version.

1. Velocity gradient: [ =1°+1IP

2. Hyperelastic rate equation: + = a°:1°

3. Flow rule: dP = sym(IP) = Agq, wP =skw(l?) =0
4. State parameter: v = v + Xiri/wi

5. Hardening law: —#; = ¢(m; — 7)) A

6. Consistency condition: f:7— HA=0, f= OF/oT

7. Kuhn-Tucker conditions: A>0, F <0, AF =0

The model summarized in Table 3 has some noteworthy features. First, the formulation
assumes that the plastic spin wP is zero (see [55] for some discussions on the significance of the
plastic spin). Second, the fourth-order spatial elastic tangent operator a® can be determined
from the expression

a*=c’+17d1+70O1, (3.19)
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where (7 ® 1) = Tj10ik, (T © 1)iji = Titdjk, and c® is a spatial tangential elasticity tensor
obtained from the push-forward of all the indices of the second tangential elasticity tensor

defined in [52]. Finally, the specific volume varies according to the kinematical relation

v = Jug = v = Jvg = Jug tr(l) = vtr(l). (3.20)

Thus, just as in the infinitesimal theory where the rate equations may be viewed as driven by
the strain rate €, the rate equations shown in Table 3 may be viewed as driven by the spatial

velocity gradient .

3.3 Numerical implementation

For the problem at hand we employ a standard elastic predictor-plastic corrector algorithm

based on the product formula for b°, as summarized in Table 4. Let

b = F¢ . F¢'. (3.21)

Suppressing plastic flow, the trial elastic predictor for b° is

8a’n-ﬁ-l

betr = b?’b$1 = fn+1 : b% : ffz-i-l ) fn+1 = Ox . (322)
n
The plastic corrector emanates from the exponential approximation
0

b° = exp(—2AM\q) - b°, 4=4q, = (9762 (3.23)

T

From the co-axiality of plastic flow, the principal directions of g and 7 coincide.
Next we obtain a spectral decomposition of b°,
3
A=1

where X% are the elastic principal stretches, n4) are the unit principal directions, and m(4)
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Table 4: Return mapping algorithm for plasticity model for sands, finite deformation version.

1. Elastic deformation predictor: b = f,_ ., - b5 - fi .,

2. Elastic stress predictor: 7% = 2(0¥¢/9b°") - b°*; 7¥f = 7y,

1 )

3. Check if yielding: F(p',¢", wi") > 07
No, set b* =b°"; 7 =7 1 =7 and exit

4. Yes, initialize A\ = 0 and iterate for A\ (steps 5-8)
5. Spectral decomposition: b°" = Eizl(AZtr)zm“(A)

6. Plastic corrector in principal logarithmic stretches: €§ = In(X%),
eq =1In(\"), & =¢e%" — AXga, T4 =0P°/0eq, A=1,23.

7. Update plastic internal variable m:

(a) Total deformation gradient: F' = f, ., - Fy

(b) Specific volume: v = vgdet F = vyJ

(c) Initialize m = mi,, and iterate for m (steps 7d-f)
(d) State parameter: ¥ = v — v 4+ Aln (=)
(e) Limit hardening plastic variable:

F s exp (anh /M) if N=N=0,
i (1 —ay N/ MV 4 <N <N #£0.

(f) Plastic internal variable: m = 7, — ¢(m — ) AN

8. Discrete consistency condition: F'(p,q,mi) =0

9. Spectral resolution: b® = 2?4:1(/\?4)27”“(‘4)
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are the spectral directions. The corresponding elastic logarithmic stretches are
e =In(xy), A=123. (3.25)

From material frame indifference ¥°(X,b°) only varies with €%, and so we can write ¥° =

Ue(X,el,€5,¢€5), which gives

ove 1~ 1 ave
_ = Z (4) 2
abe 92 =~ ()\?4)2 65?4’"?/ . (3 6)

The elastic constitutive equation then writes

owe : ov°
=2 b= (4) = 2
T 557 2 Tam\ | TA 9es,” (3.27)

implying that the spectral directions of 7 and b° also coincide. Thus, b and q are also

co-axial, and for (3.23) to hold, b° and b°" must also be co-axial, i.e.,
= mir @), (3.28)

This allows the plastic corrector phase to take place along the principal axes, as shown in
Table 4.
Alternatively, we can utilize the algorithm developed for the infinitesimal theory by work-

ing on the invariant space of the logarithmic elastic stretch tensor. Let

1
=—ef+es ey, ef= o/ - 92+ (5 — 9 + (5 — B, (3.20)

denote the first two invariants of the logarithmic elastic stretch tensor (similar definitions may

etr

e and £2%), and

be made for ¢ S

p:%(71+72+73), q= \/[(ﬁ—72)2+(Tl—73)24'(72—73)2}/2, (3.30)

31



denote the first two invariants of the Kirchhoff stress tensor. If we take the functional re-
lationships p = p(eg,ed), ¢ = q(e%,e5), and m = mi(ed, e, AN) as before, using the same

elastic stored energy function but now expressed in terms of the logarithmic principal elastic

stretches, then the local residual vector writes

e® — e + ANBOLF e
r=r(x)=q £ —T+ANF ¢ T=Q & - (3.31)
F AN

In this case, the local Jacobian 7/(x) takes a form identical to that developed for the infinites-
imal theory, see (2.65).

Comparing Tables 2 and 4, we see that the algorithm for finite deformation plasticity
differs from the infinitesimal version only through a few additional steps entailed for the
spectral decomposition and resolution of the deformation and stress tensors. Construction of
b® from the spectral values requires two steps. The first involves resolution of the principal

elastic logarithmic stretches from the first two invariants calculated from return mapping,

1 3 o N 2 g4 — (€2 /3)54
s;:?)gséﬁ\[sgm, nA:\/; A igtr/) , (3.32)

where 04 = 1 for A = 1,2,3.The above transformation entails scaling the deviatoric com-

ponent of the predictor tensor by the factor £¢/e¢" and adding the volumetric component.
The second step involves a spectral resolution from the principal elastic logarithmic strains

(ct. (3.24))

3
b° =) exp(2:5)m (Y, (3.33)
A=1

The next section demonstrates that a closed-form consistent tangent operator is available for

the above algorithm.
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3.4 Algorithmic tangent operator

For simplicity, we restrict to a quasi-static problem whose weak form of the linear momentum

balance over an initial volume B with surface 9B reads

/QB(GRADn:P—pon-G)dV—/aBtn'tdA—O, (3.34)

where pgG is the reference body force vector, t = P - n is the nominal traction vector on

OB! C 9B, n is the unit vector on 9B, ) is the weighting function,
P=7.F" (3.35)

is the nonsymmetric first Piola-Kirchhoff stress tensor, and GRAD is the gradient operator

evaluated with respect to the reference configuration. We recall the internal virtual work
Wikt = GRADn: PdV = / gradn : 7dV (3.36)
ge

€

for any B¢ C B, where grad is the gradient operator evaluated with respect to the current

configuration. The first variation gives [56]

Wit = /Be gradn : a: grad dudV, (3.37)
where wu is the displacement field, and

a=a—-T1O61, 0T = a : grad du. (3.38)

Evaluation of a thus requires determination of the algorithmic tangent operator c.

We also recall the following spectral representation of the algorithmic tangent operator o
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[56]

3 3
a = Y > apmPom® (3.39)
A=1B=1
3
+ Z /\e:r]g — ;‘;‘trz ()\eter(AB) ® mAB) 4 A2y (4B) g m(BA)> 7
A=1B#A

where mA8) = n(A) @ n(B) A £ B. The coefficients asp are elements of the consistent
tangent operator obtained from a return mapping in principal axes, and is formally defined

as
0ta _ 074

= — = A B=1,23. 3.40
AB 8€eBtr 8537 ) ) & ( )

The values of these coefficients are specific to the constitutive model in question, as well as
dependent on the numerical integration algorithm utilized for the model. For the present
critical state plasticity theory aap is evaluated as follows.

The expression for a principal Kirchhoff stress is
2
TA=poa + 34714, A=1,2,3. (3.41)
Differentiating with respect to a principal logarithmic strain gives

OTA De® e’ \/5 R dee Oe®
-4 D D, = D Y+ D =
aAB - 0 ( 190 + 125 B) + 574 < 25, + Dao 853)

P
a <5AB _ §5A5B - ﬁAﬁB> . AB=1,2,3 (3.42)

etr
3es

+

where § 4p is the Kronecker delta. The coefficients D11, Do, and Do are identical in form to
those shown in (2.52) except that the strain invariants now take on logarithmic definitions.
As in the infinitesimal theory, we obtain the unknown strain derivatives above from the local

residual vector, whose own derivatives write

92¢ _ o\ A B-123 (3.43)
E\e]trﬁgtr 883

Ora  Ora

883_@‘%

3 ora
+ -
Cz:; ozrco

aAc
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where the matrix [@4p] corresponds to the same algorithmic local tangent operator given in

(2.65). Letting [bap] denote the inverse of [@4p], we can then solve

3
9ra _ _ Y bac Orc A, B=1,23. (3.44)
C=1

Oep dep =

This latter equation provides the desired strain derivatives,

0e5/0ea bin bz bis (1 —-AN30H3)d4
0e5/0ea (= | ba b bos V/2/37i4 , A=1,2,3, (3.45)
BA)\/&SA b31 b32 b33 —9({’)7ri F(;A

where

_ -1 (P *a(l_N)
0 = ¢ AN (7 — 7)o M —aiN
Xa(l—N) (7
_ /(. ¥ _ 1
¢ = 14¢(m—n)AN|1 _(wiN(m)]. (3.46)

Note that the finite deformation expression for # utilizes the current value of the specific
volume v whereas the infinitesimal version uses the initial value vg (cf. (2.71)). Inserting the
expressions for 0 /0e 4 and 0c/0e 4 back in (3.42) yields the closed-form solution for a4z,

which takes an identical form to (2.75):

_ 2 2 — ~ -
asp = <D11 - ggeqtr> d40p + \/; (D126a7ip + D217iadB)

2q
3egtr

PN 2—
+ (6ap —nanp) + 3 D22l A, B=1,23. (3.47)
See (2.72)—(2.74) for specific expressions for the coefficients D;;.

3.5 Localization condition

Following [56, 57|, we summarize the following alternative (and equivalent) expressions for the

localization condition into planar bands. We denote the continuum elastoplastic counterpart
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of the algorithmic tensor a by

ST am® o m® (3.48)

A=1B=1

+ Z Z )\62 ()\e2 (4B) @ m(AB) | \e2pp (4 )®m(BA)>
A= lB;éA
where a%y is the continuum elastoplastic tangent stiffness matrix in principal axes. (Note,
this formula appears in [45, 49, 50] with a factor “1/2” before the spin-term summations, a
typographical error). Then,

a*=a®-701 (3.49)

defines the continuum counterpart of the fourth-order tensor a in (3.38).

Alternatively, we denote the constitutive elastoplastic material tensor c®? by the expression

[54]
3 3 3
= Z Z aABm @mP) 4 Z Taw ), (3.50)
A=1 B=1 A=1
in which
w@ = 2[1b b @b+ Ish (101 — 1)+ ba(b® @ m) + m@ @ b°)
— LA emW +mW 1) +ym om| /Dy, (3.51)

where by is the Ath principal value of b°, Iy and I3 are the first and third invariants of b°,
I,=(b°@b°+b°0b°)/2, o =Ibs+I3b,' —4b%, (3.52)

and

Dy =204 — I1ba + I3b " (3.53)

Note that cffkl = 2F7FjgFc k) DCZPBC p is the spatial push-forward of the first tangential
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elastoplastic tensor C°P [52]. Then,
a?=cP+701 (3.54)

defines an alternative expression to (3.49).
Using a®® from either (3.49) or (3.54), we can evaluate the elements of the Eulerian
elastoplastic acoustic tensor a as

o €D
(ij = Ny (3.55)

where ny and n; are elements of the unit normal vector n to a potential deformation band

reckoned with respect to the current configuration. Defining the localization function as
F =inf| (deta), (3.56)

we can then infer the inception of a deformation band from the initial vanishing of . Though
theoretically one needs to use the constitutive operators a®? or c°P to obtain the acoustic
tensor a, the algorithmic tangent tensors are equally acceptable for bifurcation analyses for

small step sizes [50].

4 Numerical simulations

We present two numerical examples demonstrating the meso-scale modeling technique. To
highlight the triggering of strain localization via imposed material inhomogeneity, we only
considered regular specimens (either rectangular or cubical) along with boundary conditions
favoring the development of homogeneous deformation (a pin to arrest rigid body modes
and vertical rollers at the top and bottom ends of the specimen). A common technique of
perturbing the initial condition is to prescribe a weak element; however, this is unrealistic and
arbitrary. In the following simulations we have perturbed the initial condition by prescribing
a spatially varying specific volume (or void ratio) consisting of horizontal layers of relatively

homogeneous density but with some variation in the vertical direction. This resulted in vein-
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like soil structures in the density field closely resembling that shown in the photograph of
Figure 1 and mimicked the placement of sand with a common laboratory technique called
pluviation. The specific volume fields were assumed to range from 1.60 to 1.70, with a mean
value of 1.63. These values were chosen such that all points remained on the dense side of the

CSL (1% < 0).

4.1 Plane strain simulation

As a first example we considered a finite element mesh 1 m wide and 2 m tall and consisting
of 4,096 constant strain triangular elements shown in Figure 5. The mesh is completely
symmetric to avoid any bias introduced by the triangles. The vertical sides were subjected to
pressure loads (natural boundary condition), whereas the top end was compressed by moving
roller supports (essential boundary condition). The load-time functions are shown in Figure
6 with scaling factors v = 100 kPa and 3 = 0.40 m for pressure load G;(t) and vertical
compression Go(t), respectively. The material parameters are summarized in Tables 5 and
6 and roughly represent those of dense Erksak sand, see [38]. The preconsolidation stress
was set to p. = —130 kPa and the reference specific volume was assumed to have a value
veo = 1.915 (uniform for all elements). The distribution of initial specific volume is shown in

Figure 7.
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d(t) d(t)=7G,(1)

(1) F(t)=BG,(1)

Figure 5: Finite element mesh for plane strain compression problem.

G0, G, (1)
A
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Figure 6: Load-time functions.
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Symbol Value Parameter

3 0.03 compressibility

Qo 0 coupling coeflicient
o 2000 kPa  shear modulus

Po —100 kPa reference pressure
€ 0 reference strain

Table 5: Summary of hyperelastic material parameters (see [44] for laboratory testing proce-
dure).

Symbol Value Parameter

0.04  compressibility

0.4  for yield function
0.2  for plastic potential
280  hardening coefficient

> 22

Table 6: Summary of plastic material parameters (see [38] for laboratory testing procedure).

Figure 8 shows contours of the determinant function and the logarithmic deviatoric strains
at the onset of localization for the case of finite deformations, which occurred at a nominal
axial strain of 12.26%. Localization for the infinitesimal model was slightly delayed at 12.34%.
The figure shows a clear correlation between regions in the specimen where the determinant
function vanished for the first time and where the deviatoric strains were most intense. Fur-
thermore, the figure reveals an X-pattern of shear band formation captured by both shear
deformation and determinant function contours, reproducing those observed in laboratory

experiments [1, 6].
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Figure 7: Initial specific volume for plane strain compression problem.
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Figure 8: Contours of: (a) determinant function; and (b) deviatoric invariant of logarithmic

stretches at onset of localization.

Figure 9 displays contours of the plastic modulus and the logarithmic volumetric strains

at the onset of localization. We recall that for this plasticity model the plastic modulus is a
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Figure 9: Contours of: (a) plastic hardening modulus; and (b) volumetric invariant of loga-
rithmic stretches at onset of strain localization.

function of the state of stress, and in this figure low values of hardening modulus correlate
with areas of highly localized shear strains shown in Figure 8. On the other hand, volumetric
strains at localization appear to resemble the initial distribution of specific volume shown in
Figure 7. In fact the blue pocket of high compression extending horizontally at the top of
the sample (Figure 9b) is representative of that experienced by the red horizontal layer of
relatively low density shown in Figure 7. The calculated shear bands were predominantly

dilative.

4.2 Three-dimensional simulation

For the 3D simulation we considered a cubical finite element mesh shown in Figure 10. The
mesh is 1 m wide by 1 m deep by 2 m tall and consists of 2000 eight-node brick elements. All
four vertical faces of the mesh were subjected to pressure loads of 100 kPa (natural boundary
condition). The top face at z = 2 m was compressed vertically by moving roller supports
according to the same load-time function shown in Figure 6 (essential boundary condition),
effectively replicating a laboratory testing protocol for ‘triaxial’ compression on a specimen

with a square cross-section. The initial distribution of specific volume is also shown in Figure
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Figure 10: Finite element mesh and initial specific volume for 3D compression problem.

10 and roughly mimicked the profile for plane strain shown in Figure 7.

Figures 11 and 12 compare the nominal axial stress and volume change behaviors, respec-
tively, of specimens with and without imposed heterogeneities. The homogeneous specimen
was created to have a uniform specific volume equal to the volume average of the specific
volume for the equivalent heterogeneous specimen, or 1.63 in this case. We used both the
standard numerical integration and B-bar method for the calculations [58-60], but there was
not much difference in the predicted responses. However, softening within the range of de-
formation shown in these figures was detected by all solutions except by the homogeneous
specimen simulation. Furthermore, an earlier overall dilation from an initially contractive be-
havior was detected by the heterogeneous specimen simulation (Figure 12). This reversal in
volume change behavior from contractive to dilative is usually termed ‘phase transformation’
in the geotechnical literature, a feature that is not replicated by classical Cam-Clay models.
Figure 13 shows that this phase transition was captured by the constitutive model by first
yielding on the compression side of the yield surface, and later by yielding on the dilation
side.

Figure 14 shows contours of the determinant function F at a nominal axial strain of 8.78%,
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Figure 11: Nominal axial stress-axial strain responses for 3D compression problem.
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Figure 12: Volume change-nominal axial strain responses for 3D compression problem.
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Figure 13: Stress path for homogeneous specimen simulation with finite deformation.

where the determinant vanished for the first time at a Gauss point located in the interior of
the heterogeneous specimen. Unlike the plane strain solution, the potential shear band did
not exhibit an X-pattern in this case. Instead, the solution predicted a well-defined band
extending across the specimen. Note that the horizontal slices shown in Figure 14b have been
rotated by 90 degrees on the horizontal plane relative to the orientation of the solid volume
shown in Figure 14a for optimal 3D visualization (red regions in Figure 14a must be matched
with red regions in Figure 14b, etc.). As for the homogeneous specimen, the computation was
carried out up to 15% nominal axial strain but the sample did not localize.

Figure 15 shows contours of the deviatoric invariant of logarithmic stretches at the point
of initial localization. Again, the horizontal slices (Figure 15b) are 90 degrees rotated rel-
ative to the solid volume (Figure 15a) for better visualization. Comparing Figures 14 and
15, the solutions clearly correlated regions in the specimen where the determinant function
vanished for the first time with regions where the deviatoric strains were most intense (a
‘blue’ determinant region correlates with a ‘red’ deviatoric strain region, etc.). In contrast,
Figure 16 shows contours of the volumetric invariant of logarithmic stretches resembling the

initial specific volume profile of Figure 10. In general, these observations are similar to those
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Figure 14: Determinant function at onset of localization.

observed for the plane strain example. For completeness, Figure 17 shows the deformed FE
mesh for the heterogeneous sample at the instant of initial localization, suggesting that the
specimen moved laterally as well as twisted torsionally. Note once again that this non-uniform
deformation was triggered by the imposed initial density variation alone.

Finally, Figure 18 shows the convergence profiles of global Newton iterations for the full
3D finite deformation simulation of a heterogeneous specimen with B-bar integration. The
iterations converged quadratically in all cases, suggesting optimal performance. We empha-
size that all of the results presented above only pertain to the prediction of when and where
a potential shear band will emerge. We have not pursued the simulations beyond the point
of bifurcation due to mesh sensitivity issues inherent in rate-independent classical plasticity
models in the post-localized regime. A host of regularization techniques either in the consti-
tutive description or finite element solution are available and should be used to advance the

solution to this regime.
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Figure 16: Volumetric invariant of logarithmic stretches at onset of strain localization.
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5 Closure

We have presented a meso-scale finite element modeling approach for capturing deformation
and strain localization in dense granular materials using critical state plasticity theory and
nonlinear finite element analysis. This approach has been motivated in large part by recent
trends in geotechnical laboratory testing allowing accurate quantitative measurement of the
spatial density variation in discrete granular materials. The meso-scale approach provides a
more realistic mathematical representation of imperfection; hence, it is expected to provide a
more thorough capture of the deformation and strain localization processes in these materials.
Potential extensions of the studies include a three-invariant enhancement of the plasticity
model and application of the model to unstructured random density fields (in contrast to the
structured density fields simulated in this paper). These aspects will be reported upon in a

future publication.
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